We show the existence of subobject classier in the category of nondeterministic dynamical systems and functional bisimulations.
Introduction
In [8] , we studied the category NDyn of nondeterministic dynamical systems whose morphisms are functional bisimulations.
A nondeterministic dynamical system is a labelled transition system whose label set has only one element. A functional bisimulation is a map between transition systems. The main results of [8] are the following.
The category NDyn is an autonomous category, i.e., monoidal closed.
There exists a subobject classier.
The monoidal closedness was shown by constructing NDyn objects via the presheaves over the category Tree, where the Tree is a small, dense subcategory of NDyn. On the other hand the existence of the subobject classier was proved by using the theory of hypersets.
In this paper, we prove the existence of subobject classier in NDyn by using the construction via presheaves over Tree in the same way as the proof of monoidal closedness in [8] . The proof uses a general lemma about presheaf categories, which is given in [10] .
As we remark later, NDyn is a category of coalgebras for nite powerset functor without empty set. We can brush up the technique which is used in this paper, to an existence theorem [7] of subobject classiers in categories of coalgebras by using accessible category theory, which led to another existential proof [3] in the context of topos theory.
It is generally dicult to describe explicitly the structure of the subobject classiers for coalgebra categories even if they exist. However there are a few exceptional cases. One is in [9, 8] , where the truth-value object of NDyn was given as a universe of hereditarily nite hypersets. Another example was given in [3] for the categories of coalgebras of nite powerset functor.
The signicance and applications of the existence of subobject classier in NDyn have not been fully considered yet. But we can show it implies the regularity of NDyn [7, 3] , and hence we can dene category of relations over NDyn which is the category of nondeterministic dynamical systems and bisimulations.
We proceed as follows. First we recall the denitions of nondeterministic dynamical systems and the category NDyn of them in Section 2. We recall some of the basic facts of NDyn, for example, the existence of terminal object, characterization of monic arrows in NDyn and cocompleteness. We
give the concrete construction of coproduct and coequalizer.
In Section 3, we show the existence of small, dense subcategory Tree in NDyn. Then the category NDyn turns out to be a reective subcategory of Set Tree op , and hence complete.
We apply the criterion given in [10] , and show the existence of subobject classier in Section 4.
2 The category NDyn
Denitions
First of all, we recall the denitions of nondeterministic dynamical systems and the category NDyn they form. for all x 2 jDj. is obviously nonempty and nite.
We recall some of the basic properties of NDyn [8] .
The terminal object
The terminal object 1 = (f3g; f(3; 3)g) exists in NDyn.
Monic arrows
The monic arrows in NDyn have the following properties. Proof. Let r be any subobject of object D 2 NDyn. Then there is a subsystem Im(r) of D, and r is equivalent to the inclusion Im(r) , ! D.
Cocompleteness
As we noticed in Remark 2.3, the category NDyn is a category of coalgebras for endofunctor on Set, which implies the following property by using [ The colimit of each diagram in NDyn can be constructed by using coproducts and coequalizer. We need to construct explicitly colimits of diagram in NDyn later, so we review the construction of coproduct and coequalizer.
Let fD k : k 2 Kg be a family of objects in NDyn indexed by a set K. 
Density
In this subsection, we show that the category Tree is dense in NDyn. Let Here R P is the category of elements of a presheaf P dened as follows:
Its object is a pair (T; p) of an object T 2 Tree and p 2 P (T ).
And Hence all pullbacks exist in NDyn. In particular, the pullbacks of monic arrows exist in NDyn. Consequently there exists a subobject functor Sub : NDyn op ! Set, and we have the following property for the pullbacks of monic arrows. (5) as a map.
Now we start the verication of (5). Since i is dense, the object LR(1) 2 NDyn is isomorphic to a terminal object in NDyn, so we denote LR(1) = (f3g; f(3;3)g). 
for any t 2 ji(T)j. Since the left hand side of (6) 
with (T 1 ; r 1 ) = (T; id i(T ) ) and (T n ; r n ) = (T 0 ; r), which gives the equivalence (7). Then i(f 1 )(t) 2 jIm(r 2 )j jT 2 j by i(f 1 ) 01 (r 2 ) = r 1 = id i(T ) i(f 2 ) 01 (i(f 1 )(t)) jIm(r 3 )j by i(f 2 ) 01 (r 2 ) = r 3 i(f 3 )(i(f 2 ) 01 (i(f 1 )(t))) jIm(r 4 )j by i(f 3 ) 01 (r 3 ) = r 4 :
By induction, we can show i(f n01 ) 01 (i(f n02 )(1 11 i(f 3 )(i(f 2 ) 01 (i(f 1 )(t))) 1 11 )) jIm(r n )j = jIm(r)j:
Since the equivalence (7) is given by R Sub(i(0)) arrows (8), we have t 0 2 i(f n01 ) 01 (i(f n02 )(1 11 i(f 3 )(i(f 2 ) 01 (i(f 1 )(t))) 11 1)):
Hence we obtain t 0 2 jIm(r)j, whence the lemma. Conversely suppose [(t; r)] LSub(i(0)) = true. Then (t; r) ' LSub(i(0)) (t 00 ; id i(T 00 ) ) for some t 00 2 ji(T 00 )j; T 00 2 Tree 0 by Lemma 4.2. Hence we obtain t 2 jIm(r)j by using the Lemma 4.3.
From Lemma 4.4, we have
LSub(i(0)) r (t) = true if and only if t 2 jIm(r)j for t 2 ji(T)j and r 2 Sub(i(T )), which is the equation (5) . Hence the diagram (4) is pullback for each (T; r) 2 R Sub(i(0)), and the criterion is satised. Thereby we conclude that the category NDyn has a subobject classier.
